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The follo)ving theorem is proved: “If G is a finite group and 9 is a saturated 
formation of solvable groups such that 2 6Z charF, then every section of G is .g- 
stable if and only if no section of G is isomorphic to any group SA(2,p), p E char 
.Y.” This theorem is a generalization of a well-known Glauberman’s theorem [B. 
Huppert and N. Blackburn, “Finite Groups II,” Th. IX, 7, IO, Springer-Verlag, 
Berlin, 19821. C 1985 Academic Press, Inc. 
1. INTRODUCTION. NOTATION 
All groups considered in this paper will be finite and K will be a 
saturated formation of solvable groups. Our notation is standard and is taken 
mainly from [5]. Given a group G we denote G,, the subgroup generated by 
all subnormal F-subgroups. N will denote the class of nilpotent groups and 
given a set of prime numbers rt, N, will be the class of nilpotent z-groups. 
An important theorem by Glauberman ([7, Th. 1X.7. lo]) proves that given 
an odd prime p, every section of G is p-stable if and only if no section of G is 
isomorphic to SA(2,p), where the group SA(2,p) is the group of all matrices 
of the form 
with coefficients in GF(p) and ad - bc = 1. 
The aim of this paper is to generalize the above result by replacing the 
prime p by a saturated formation of solvable groups Sr such that 
2 6Z char,F. Therefore every F-subgroup is a solvable x-group 
(cf. [9, Cor. 1.41). 
We obtain the following result: 
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THEOREM A. Let G be a group. If 2 & char .F, the following conditions 
are equivalent: 
(a) Every section of G is ST-stable. 
(b) No section of G is isomorphic to any group SA(2,p), p E char f. 
Some related results were obtained by Mann in [S] and by Arad in [ 11. 
2. PRELIMINARY RESULTS 
DEFINITION. We say that a group G is F-stable if whenever H is an 
arbitrary jr-subgroup of G and x E NG(N) such that [H, x, x] = 1, then 
XC,(H) E [NG WKAW 1.~. 
The following results were proved in [ 2 ). 
THEOREM 1 ([2, Th. 2.51). Zf char.F = n, a group G is X-stable if and 
only if G/O,,(G) is F-stable. 
DEFINITION. A F-solvable group G is said strongly F-solvable if either 
3 6? char.7 or 3 E char.?+- and G does not involve to X42,3). 
THEOREM 2 ([2, Th. 3.21). Zf 2 6? char Sr and G is a strongly ;Z- 
solvable group, then G is .F-stable. 
PROPOSITION. Let x be a set of prime numbers. Then a group G is J<-,- 
stable if and only if G is p-stable, for every p E z 
ProoJ: Assume that G is -&stable and p E 71. Consider an arbitrary p- 
subgroup P of G and x E N,(P) such that [P, x, x] = 1. Then 
xc,(P) E O,(F(N,(P)/C,(P))). In these conditions A = (xc,(P)) is a group 
of automorphisms of P which stabilizes the series 
P D [P, x] D [P, x, x] = 1. 
Hence A is a p-group and indeed xc,(P) E O,(N,(P)/C,(P)) and G is p- 
stable. 
Conversely, assume that G is p-stable for every p and consider a nilpotent 
n-subgroup H and x E N,(H) such that [H, x, x] = 1. Let P be a nontrivial 
Sylow p-subgroup of H. Then x E N,(P) and [P, x, x] = 1. Write x = xPx,,, , 
where x,, is a p-element and xP, is a p’-element. Since (P, x) is nilpotent, 
xP, E C,(P) and x, belongs to N,(P) and [P, xP, x,,] = 1. Since G is p-stable 
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x,W’) is in O,(N&‘)IC,(P)) d an xP C,(H) E O,(N,(H)/C,(H)). Thus 
xc,(H) E E;(N,(H)/C,(H)) and since (xc,(H)) is a n-group 
3. PROOF OF THEOREM A AND COROLLARIES 
First notice that if p E char ,X, SA(2,p) is not .X-stable. Let H be the 
subgroup of SA(2,p) composed by all matrices with p = q = 0 and let N be 
the normal subgroup of SA(2,p) composed by all matrices such that 
a=d= 1 and b=c=O. We have G=NH and NnH=I, with 
N ‘v C, x C, and H 2: SL(2, p). Consider the self-centralizing F-subgroup N 
and a nontrivial p-element g of H. We have gN # 1 and IN, g, g] = 1. But 
(N&‘WC&V).F = WGP)~ and this is a subgroup of O,(SL(2,p)) 
which is trivial if 2 & 71. Hence SA(2,p) is not R-stable. Thus, if every 
section of G is F-stable, no section is isomorphic to any group SA(2,p), 
with p in char jT. 
Conversely, suppose that no section of G is isomorphic to any group 
SA(2,p), p E char F, and there exists a no F-stable section in G, being G a 
counterexample of minimal order. Notice that G is p-stable for every 
p E char ,F by Glauberman’s theorem. By minimality of (G] every proper 
section of G is .3-stable but G itself is not X-stable and there exists a ST- 
subgroup P of G and an element a E N,(P) such that ]P, a, a] = 1 and 
aC,(P) does not belong to (N,(P)/C,(P)),,. N,(P) is not jr-stable and P is 
a normal subgroup of G. Moreover, P is not a minimal normal subgroup of 
G. If that happened P would be an elementary abelian p-group, p E chary 
and since G is p-stable, we would have 
and this is a contradiction. Thus, there exists a minimal normal subgroup M 
of G strictly contained in P. M is an elementary abelian q-group, q E char 
XT, and since O,(G/C,(M)) = 1 and G is q-stable, then a E C,(M). 
Likewise, G/M is <F-stable and 
hence a E C,(M). 
Denote C = C,(P). If r is a prime such that r / ] C( we consider a nontrivial 
Sylow r-subgroup R of C. By Frattini argument G = CN,(R) and denote 
N,(R)= N. So a= nc with nE N and cE C. For each gEP, we have 
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[g, n] = [g, a] E P. Thus [P, IZ, n] = 1 and if nC,,(P) E (NP/C,,,,(P)), then 
nC = UC E (G/C),. This is a contradiction; thus, NP is not K-stable and 
G = PNJR). Since P centralizes R, R is a normal subgroup of G. If r 6Z rc, 
then O,,(P) is nontrivial and since G/O,,(G) is F-stable, so is G. This is 
again a contradiction by Theorem 1. Hence r E rt and C is a r-group. 
Moreover C,(M)/C,(M) n C,(P/M) is a rr-group and C,(M) n C,(P/M)/C 
is a group of automorphisms of P which leave fixed each element of M and 
of P/M. So C,(M) f7 C,(P/M)/C stabilizes the series P D MD 1 and it is a 
nilpotent n-group. Therefore C,(M) is a n-group. 
Consider T = C,(M) P. If T were .F-stable, then UC E (T/C), and then 
UC E (G/C),; this contradicts the choice of a. Thus, T is not F-stable and 
T= G. So G is a n-group and consequently G is strongly F-solvable. By 
Theorem 2, G is F-stable. This is the final contradiction. 
COROLLARY 1. If 2@ charST=n, the following conditions are 
equivalent: 
(i) Every section of G is .9%table. 
(ii) Every section of G is z-stable. 
(iii) Every section of G is p-stable, for every p E char F. 
(iv) Every section of G is M,-stable. 
(v) Every section of G is (7 (7 ..K)-stable. 
We denote F(p) the group isomorphic to the normalizers of the Sylow p- 
subgroups of SA(2, p). 
COROLLARY 2. If 2 65 char jr and one of the following conditions is 
vertjied in a group G: 
(a) F(p) is not involved in G, for any prime p E char37 
(b) A Sylow 2-subgroup of G is abelian. 
(c) A Sylow 2-subgroup of G is dihedral, 
then G is F-stable. 
Proof (a). In this case SA(2,p) is not involved in G [4]. 
(b), (c). The Sylow 2-subgroups of SA(2,p) are quaternion groups. 
EXAMPLE. PSL(2, q) has abelian or dihedral Sylow 2-subgroups. 
Therefore PSL(2, q) is .F-stable for each saturated formation of solvable 
groups whose characteristic is a set of odd primes. 
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